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Abstract 
In the present work, the results for the yielded zones and their evolution near the crack front of a hole-in-a-plate 
sample under mixed-mode conditions, are presented. Seven mixed-mode (I + II) cases are achieved by applying a 
constant load and varying the loading angle. This angle ranged between 23.5º (mixed-mode conditions) and 90º (pure 
mode I condition). The material investigated is Al-7010-T7651 alloy. The shape of the plastic zone as well as the 
yielded area are studied by means of 2D plane stress, 2D plane strain and 3D models. Important differences are 
observed. Finally a methodology based on digital image correlating technique was used to validate the numerical 
results. For this, the numerical and the experimental displacement fields in the surface of the specimens are 
compared.  
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1. Introduction 
Concerning bi-dimensional crack configurations, classical Linear Elastic Fracture Mechanics theory 
ignores three dimensional effects of crack propagation. The size of the plastic zone influences the stress 
and strain state in the crack-tip area and has an influence on the fracture and the fatigue behaviour of 
metallic materials. The problem is typically reduced to two extreme conditions (plane stress and plane 
strain) and a linear evolution between both states. However, recent studies of the plastic zone by means of 
3D finite element analysis (FEA) have shown that this model is not very accurate [1]. A number of 
parameters, including the nominal applied load, the specimen thickness and the crack front curvature 
were found to affect the transition between plane stress and plane strain conditions. Furthermore, the 
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transition was found to be not linear and to follow a complex shape, depending on the above mentioned 
parameters.  
Most of fatigue studies are focused on pure mode I conditions. Nevertheless, most structural 
components are actually subjected to complex load states. For this reason the current work deals with 
mixed-mode (I + II) conditions. This is done by studying by means of 3D FEA the influence of the load 
angle on the plastic zone. Subsequently, the numerical 3D results are compared with the 2D analyses, 
both under plane stress and plane strain conditions. 
The quality of numerical calculations is normally ensured by conducting numerical convergence 
analyses. However, a more appropriate strategy consists of comparing the numerical results with 
experimental data. Nevertheless, direct comparison is not a simple task when dealing with fracture 
mechanics problems with low magnitude variables.  
In this work, a methodology employing digital image correlation (DIC) technique is presented in order 
to validate the numerical results. Full-field displacements obtained in the surface of the specimens are 
compared for this purpose. 
2. FEA methodology 
A 5 mm sheet with a centred hole and a crack emanating from it is studied by means of 2D and 3D 
FEA, bi and three-dimensionally, with plastic behaviour of the material. Simulations are made with 
commercial code ANSYS. Elastic-plastic behaviour for the material is considered. The specimen is 
160mm width and 240mm length. The diameter of the central hole is 50mm. The crack legth is 5mm. 
The most critical area corresponds to the crack front because a large gradient in the stress and strain 
fields exists around it. Therefore, in order to capture properly this effect, the size of the elements around 
the crack tip must be small enough. In order not to penalize the computational cost, it is necessary to 
make a huge transition from this zone to the most remotes ones. For this reason, the mesh of the specimen 
has been divided in two different areas. In the first one, around the crack tip, a homogeneus and uniform 
undistorted mesh with hexahedral elements is made. The second one is meshed with tetrahedral elements 
which allows the transition. 
Reccomendations about the number of elements to properly capture the plastic zone for a mode I 
specimen can be found in previous works [2]. The size of the elements are related to the Dugdale’s plastic 
zone size (rpD). In this work, the same parameter had been initially considered as a reference to define the 
area meshed with hexahedral elements and the minimum element size. However, as a result of the mixed-
mode load conditions, the plastic zone size widens depending on the loading angle, being in some cases 
outside of the regular meshed area. For this reason, an iterative procedure is applied to determine the size 
of the regular meshed area, thus guaranteeing the yielded area is within the regular meshed area. 
Once the minimum element size is established and in order to keep an acceptable element shape ratio 
and to identify properly the transition of the plastic zone from de interior to the exterior of the specimen, 
in this work the number of thickness divisions adopted for the 3D model was 80. 
It is noteworthy that, due to the lack of simmetry caused by mixed-mode loading, symmetry can only 
be applied in the thickness direction of the specimen. For this reason and in order to limit the 
computational cost, only half of the specimen has been modelled. 
The material modelled has been an Al-7010-T7651 aluminium alloy with Yound modulus, E=73.5 
GPa and Poisson’s ratio Ȟ=0.35. A weak hardening low, similar to many structural metals was assumed. 
Seven different mixed-mode cases were achieved by applying a constant load and varying the loading 
angle between 23.5º (mixed-mode conditions) and 90º (pure mode I condition), in 11.1º increments. 
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3. Results 
The plastic zone size has a strong influence on the fatigue and fracture behaviour of metallic materials. 
For this reason, it is very important to know accurately the shape of the plastic zone and how the different 
parameters involved can affect the problem. Accordingly, the effect of the loading angle is studied. An 
accurate vision of the plastic zone can be obtained analysing the plastic strain suffered by the elements. 
Next, the results obtained for some analyzed parameters in the present study, are presented: yielded 
areas, yielded volumes and y-displacements fields. 
3.1. Yielded areas and volumes 
The yielded areas in plane strain and plane stress conditions and their evolution with the loading angle, 
have been analized with 2D and 3D models. In Fig. 1(a), a comparison of the obtained shapes for plane 
strain and plane stress conditions in both models is shown. The loading condition considered is pure mode 
I, ș=90º. In figure 1(b), the yielded area evolution in the exterior of the three-dimensional specimen with 
the loading angle is shown. 
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Fig. 1. (a) Shape of plane stress ans plane strain plastic zone for 2D and 3D models and pure mode I loading conditions, ș=90º; (b) 
Evolution of the shape of the plastic zone  in the exterior of the 3D model with the loading angle.  
Fig. 2(a) shows the values of the yielded areas in plane stress and plane strain for both models, and 
their evolution with the loading angle. 
Important differences between the 2D and 3D model results are observed. Furthermore, in the 3D 
model, the shape and magnitude of the yielded zone in the exterior of the specimen is almost equal to the 
ones obtained in the mid-plane. According to Linear Elastic Fracture Mechanics, under pure mode I 
conditions, the plane stress plastic zone is three times the plane strain plastic zone, and their shapes are 
diferent. This was found (Figs. 1 and 2) to be true in the 2D model but not in the more realistic 3D model. 
Similar results were observed in previous works, where the plastic zone was characterized for CT 
specimens with 3D FEA [1]. Conversely, the yielded area both in plane strain and plane stress according 
to the 3D model is smaller than that obtained with 2D model. In addition, the evolution of the yielded 
areas with the loading angle was diferent. According to the 3D model, the yielded area decreases as the 
(a) (b) 
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loading angle is increased. Nevertheless, the behaviour of the yielded areas in the 2D model is diffirent. 
See Fig. 2.(a). 
The yielded volumes have been calculated in terms of the loading angle in the 3D model. This is 
shown in Fig. 2(b). It is noteworthy the fact that the yielded volume deceases with increasing the loading 
angle ș, even though the value of the applied load is kept constant. It can also be observed that the yielded 
volume for a loading angle of 23.5º is almost twice the volume obtained for pure mode I conditions. 
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Fig. 2.(a) Yielded areas as a function of the loading angle ș; (b) Yielded volume as a function of the loading angle ș. 
3.2. Displacements 
The vertical displacements (y-displacements) in both 2D and 3D models have been also analysed. The 
displacements of points belonging to four different and equidistant lines parallel to the crack plane are 
compared. These lines are located at 1.6mm and 0.55mm from the crack plane. 
In Fig. 3 and 5, the crack tip is located at the origin of coordinates and the ligament corresponds to the 
positive values of the horizontal coordinate (x-coordinate). The direction of the crack propagation is 
parallel to the x-coordinate. Only surface displacements are considered for the validation of the 3D model 
because DIC provides only surface information. In order to compare data with the same origin, rigid body 
motion was removed from both experimental and numerical results. Upon loading, the specimen suffers 
traslation and rotation which affect the crack tip position and the orientation of the crack plane. 
The results for loading angles ș = 78.9 and 45.6Ý of the vertical displacements obtained with the 2D 
plane stress model, with the 2D plane strain model and the 3D model are shown in Fig. 3. Fig. 3(a) shows 
information of the line located at ±0.55mm (3·rpD) and a loading angle of 78.9º. Fig. 3(b) shows 
information of the line located at ±1.6mm (10·rpD) and a loading angle of 45.6º. The displacements in the 
2D models were found to be larger than in the 3D model. This feature was observed under plane stress 
and plane strain conditions.  
4. Experimental validation 
The validation of numerical model is normally conducted through convergence analysis. The results 
therby obtained are considered to be valid when they are steady against parameters such as the number 
and the minimum size of elements. In the present study, 2D and 3D models have been validated with a 
convergence anaysis. However, the obtained results as the yielded areas and the vertical displacements
are different. So, it raises the question of which one reflects more accurately the reality. In order to 
(a) (b) 
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answer this question, the numerical results will be compared with experimental data. Experimental 
displacement fields were measured by DIC [3]. DIC technique was chosen because of it has been proved 
to yield reliable results in the field of fracture mechanics [3-4], it is relatively simple to apply and is a 
non-contacting technique.  
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Fig. 3.Vertical displacement results for the 2D plane stress model, (a) 2D plane strain model and 3D model for ș=78.9º and 
y=±0.55mm; (b) ș=45.6º y=±1.6mm. 
DIC is based on comparison of two images acquired at different states, one before and the other after 
deformation. Subsequently, these two images are matched through a cross-correlation algorithm. Based 
on the correlations between both images, a displacement field of the surface under study is obtained. The 
features for the matching process are achieved by having a surface pattern of varying intensity via  
diffusely reflected light. When the surface is completely featureless, the characteristic contrast can be 
achieved by applying only a powder or paint speckle to the surface of the object. 
In this work, the features needed in the specimen surface were introduced in the form of a network of 
scratches made with a SiC grit paper, grade 120. Fig. 4, shows two typical surface finishes employed in 
this work. 
    
Fig. 4. Photographs of the treated surface of the specimen. 
The comparison between experiments and models is done in terms of displacement data along a line 
located at a certain distance from the crack plane. Since the mode I component was greater in the majority 
of the cases, the signal to noise ratio was better for the vertical displacements. Accordingly, vertical 
displacements were considered in the comparison. In a similar way than the 2D and 3D comparison, 
seven different loading conditions were analysed. The direction of the crack and the position of the crack-
(a) (b) 
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tip were obtained with the help of a searching algorithm. The algorithm finds the crack discontinuity in 
terms of the gradient between consecutive points.  
Two different comparisons of the vertical displacements obtained experimentally and numerically (3D 
model) are shown in Fig. 5. Displacements data were compared along the y=±1.6mm line and for loading 
angle ș=90º (Fig. 5.(a)) and along the y=±0.55mm line for loading angle ș=56.7º (Fig. 5.(b)). Very good 
agreement between experimental and numerical data is observed. Although a comparison between the 2D 
model and the experiments is not shown, the best agreement was found between the 3D model and the 
experiments. 
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Fig. 5. Experimental and numerical vertical displacements comparison, (a) y=±1.6mm and ș=90º; (b) y=±0.55mm and ș=56.7º.  
5. Conclusions 
In this work, a detailed analysis of the plastic zone in a fatigue crack emanating from a hole is 
presented. Different mixed-mode conditions (I + II) have been studied. 2D plane stress and plane strain 
models and 3D models allowed us to extract valuable information from the bulk of the material. The 
shape of the plastic zone, the yielded area and the yielded volume was studied as a function of the mode 
mixitie. Important differences were observed 2D models and 3D models. Finally, a comprehensive 
validation of the models was done with full-field DIC experimental data.  
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